The universality of the swelling of the radius of gyration of a homopolymer relative to its value in the theta state, independent of polymer-solvent chemistry, in the crossover regime between theta and athermal solvent conditions is well known. The addition of sticky monomers that have an attractive affinity for each other along the polymer backbone reduces the quality of the solvent, leading to an increase in the theta temperature of the sticky polymer solution. We examine the swelling of the radius of gyration of a sticky polymer relative to its value in the altered theta state. Using a novel potential to model the excluded volume interaction between monomers on the sticky chain, and introducing a renormalised solvent quality parameter, we carry out Brownian dynamics simulations to show that the swelling of sticky polymers is also universal, and indeed identical to that of homopolymers in the thermal crossover regime. Additionally, we find that the effective monomer size under theta solvent conditions, is identical in dilute homopolymer and sticky polymer solutions.
I. INTRODUCTION
Solutions of sticky polymers consist of chains with sticky groups that can form reversible physical bonds, which in turn lead to the formation of reversible gels and networks. The ability to tune different microscopic parameters of sticky polymer chains, like the number of stickers per chain, the position of the stickers on the polymer backbone, the strength of associations of the stickers and the solution temperature (or backbone solvent quality) has led to the use of sticky polymer solutions in a number of different applications, such as rheology modifiers, adhesives, biomedical implants, adsorbents and many such more.
1,2 Due to the relative affinity of sticky groups for each other, sticky polymer chains are more collapsed or less swollen at a given temperature compared to the corresponding homopolymer made up of only the backbone or non-sticky monomers of the same chain length or molecular weight. For example, at the θ temperature for the homopolymer, simple linear polymer chains in a dilute solution follow random walk (RW) statistics, whereas, the introduction of sticky groups leads to a decrease in the size of the chain due to relatively poorer solvent quality. From the phase diagram of solutions of linear polymers, it can be shown that with increase in concentration, solutions of collapsed polymer chains in a poor solvent undergo phase separation into a polymer-rich and a solvent-rich phase. 3, 4 In many applications like mist control or drag reduction of aviation fuel, it is necessary to have long, swollen, physically associated polymer chains in a single-phase solution. 5, 6 Additionally, various scaling theories for sticky polymer solutions are based on mean-field arguments where it is necessary to maintain a homogeneous solution for the scaling a) Electronic mail: ravi.jagadeeshan@monash.edu results to be valid in different regimes. [7] [8] [9] For such applications or investigations, it is important to estimate the re-normalized solvent quality of a sticky polymer solution in order to have some knowledge of chain conformations and the relative location of the system in the phase-space of temperature and concentration. In this paper we address the question of how to compute the solvent quality of dilute sticky polymer solutions and show that the swelling behaviour of sticky polymers in terms of a renormalized solvent quality follows the same universal scaling behaviour as a solution of linear homopolymers.
It is well-known that in the limit of large molecular weights, static properties of polymer chains in dilute solution such as the mean square radius of gyration, R 2 g , follow universal power law scaling in θ and very good (athermal) solvents. However, experiments have shown that a scaling law exists even for systems of polymers with relatively smaller molecular weights and temperatures between the θ and athermal limits. For such systems the mean size of the polymer is a function of both the temperature (T ) and the molecular weight (M ) which combine to form a single variable, z = k(1 − T θ /T ) √ M , where T θ indicates the temperature corresponding to a θ-solvent and k is a chemistry dependent constant. The quantity z defines the solvent quality in a dilute polymer solution. A plot of the swelling ratio, α g , which is the ratio of R g in a good solvent to that in a θ-solvent, against the solvent quality z, for T > T θ , collapses data on a universal master curve for a wide variety of polymer-solvent systems with an appropriate choice of the constant k.
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Previously Kumar and Prakash have shown that the universal swelling in a dilute solution of homopolymers can be captured with the help of Brownian dynamics (BD) simulations.
14 However, to the best of our knowledge, there are no studies exploring the swelling behaviour of dilute solutions of sticky polymers. In this paper we have used a novel potential, proposed by Soddemann et al.
15
(which we denote as the SDK potential) to investigate the effect of stickers on the solvent quality and the swelling behaviour of sticky polymers in dilute solutions, using BD simulations.
For ease of study, we have modelled the sticky polymers as multi-sticker chains with f equispaced stickers positioned along the backbone of each chain (except at the chain ends where there are no stickers) separated by ℓ spacer (or backbone) monomers. For simplicity we have assumed a sticker associates either with only one other sticker (i.e. with functionality 1) or at most with two other stickers at a time (i.e. with functionality 2). Such systems can be easily designed in experiments. 5, 6, 16 The key idea is to obtain the θ condition for the different set of systems, and find the swelling of the chain relative to the size of the chain under θ conditions. By doing this, we are able to examine the universality of the swelling of sticky polymer solutions. The advantage of using the SDK potential is that it can be used to represent both the backbone monomer-monomer interactions, and the sticker monomer-monomer interactions, with a simple choice of the attractive well-depth of the potential. In the former case this is denoted by ǫ bb , while in the latter it is denoted by ǫ st . We find that the effective solvent quality of a sticky polymer solution can be represented in terms of these variables, along with the clear identification of the θ-temperature. As a consequence, we can examine the swelling of sticky polymer chains as a function of the various parameters that control their static properties.
The plan of the paper is as follows. Section II discusses the principle governing equation used in the simulations and also the details of the models implemented for the different forces of interaction. In section III we determine the cut-off radius of the SDK potential along with the justification for choosing a particular value. The key results that lead to an understanding of the swelling of homopolymers and of sticky polymers are discussed in sections IV and V, respectively, and the primary conclusions are summarised in section VI.
II. GOVERNING EQUATIONS AND SIMULATION DETAILS
On the mesoscopic scale, polymers are modelled as a sequence of coarse-grained bead-spring chains with N b beads connected by N b − 1 entropic springs. 17 In this study we have simulated a single chain in the dilute limit with the chain configuration specified by the set of position vectors r µ (µ = 1, 2, ..., N b ). The evolution of bead positions in BD simulations is governed by the following Ito stochastic differential equation,
Here the length and time scales are non-dimensionalised with l H = k B T /H and λ H = ζ/4H, respectively where k B is the Boltzmann constant, H is the spring constant, and ζ = 6πη s a is the Stokes friction coefficient of a spherical bead of radius a. ∆W ν is a non-dimensional Wiener process with mean zero and variance ∆t. D νµ is the diffusion tensor, defined as D νµ = δ µν δ + Ω µν , where δ µν is the Kronecker delta, δ is the unit tensor, and Ω µν is the hydrodynamic interaction tensor. The bonded interactions between the beads are represented by a spring force, F . We use the regularized Rotne-Prager-Yamakawa (RPY) tensor to compute hydrodynamic interactions (HI),
where
with
Here, the hydrodynamic interaction parameter h * is the dimensionless bead radius in the bead-spring model, defined as h * = a/( πk B T /H). We use a finitely extensible nonlinear elastic (FENE) spring potential to represent the interaction between adjacent beads,
where Q 0 is the dimensionless maximum stretchable length of a single spring, and k B T is used to nondimensionalise energy. The spring force on a bead is given by F s ν = −∇U FENE . The excluded volume interactions between pairs of beads on the chain is modelled by a novel potential, U SDK , proposed by Soddemann-Dünweg-Kremer,
A comparison is drawn in Fig. 1 between the SDK potential and the conventional Lennard-Jones (LJ) and Weeks-Chandler-Andersen (WCA) potentials, the expressions of which are given in Eq. (6) and Eq. (7), respectively.
In the above equations, σ is the non-dimensional distance at which the LJ potential becomes zero, and its value is taken to be 1 in the present study. The quantities ǫ and ǫ LJ are the attractive well depth of the SDK and LJ potentials, respectively. As can be seen from Eq. (5), the repulsive part of the SDK potential is modelled by a truncated Lennard-Jones potential similar to the WCA potential while the attractive contribution is modelled with a cosine function. As shown in Fig. 1 , unlike the LJ potential, which has a long attractive tail, the short ranged attractive tail of the SDK potential smoothly approaches zero at a finite distance r c , which leads to an increase in the simulation efficiency. 15 It is worth noting that ǫ = 0 in the SDK potential corresponds to the purely repulsive WCA potential with ǫ LJ = 1.0, and the solvent quality reduces with increasing values of ǫ. An advantage of the SDK potential over the LJ potential is that the complete range of solvent qualities, from poor to athermal, can be explored by varying the single parameter, ǫ, which can alter the attractive component of the SDK potential without affecting the repulsive force. On the contrary, for the LJ potential it is not possible to vary the attractive interaction without also affecting the repulsive part.
The pair-wise EV interaction force on a bead is calculated from the potential by F SDK ν = −∇U SDK . As mentioned earlier, the attractive well depth, ǫ = ǫ bb , will be used to control the EV interaction between pairs of backbone monomers, while the strength of association between pairs of sticker monomers will be controlled by setting ǫ = ǫ st . The constants α and β are determined by applying the two boundary conditions, namely, U SDK = 0 at r = r c , and U SDK = −ǫ at r = 2 1/6 σ. Based on these two boundary conditions, α and β are calculated by solving the following set of equations,
In order to solve the above set of equations, it is required to choose a reasonable value of the cut-off radius, r c , which has been determined as discussed in the following section.
III. THE CUT-OFF RADIUS FOR THE SDK POTENTIAL
In the original study by Soddemann et al. 15 the cutoff radius of the potential, r c , was chosen to be 1.5 σ to include only the first neighboring shell of interactions, determined from the first minima of the pair correlation function. For r c = 1.5 σ, the values of α and β are calculated to be 3.1730728678 and −0.856228645, respectively, 15 and the resultant SDK potential has been used to investigate various equilibrium properties of the solutions of polymer chains using molecular dynamics (MD) and Monte Carlo (MC) simulations. of gyration follows the universal scaling law R
2ν , where the value of the Flory exponent, ν, is dependent on the solvent quality. At the θ-temperature, linear For polymer chains with the SDK potential representing the excluded volume force, the temperature dependence can be captured with the potential well-depth, ǫ bb . As mentioned earlier, ǫ bb = 0 (which is equivalent to a WCA potential), represents the athermal limit, where the chain is fully swollen. With increasing values of ǫ bb , a unique value is reached, where the repulsive and attractive interactions between pairs of beads is precisely balanced, leading to θ-like conditions. The value of ǫ bb at the θ-point can be estimated by plotting the ratio R 2 g /(N b − 1) versus ǫ bb for different chain lengths, N b , and finding the point of intersection at which curves for different values of N b intersect, as shown in Fig. 2 (a) . Following this procedure, the θ-point for a homopolymer chain with beads connected by FENE springs having a maximum stretchable length of Q 0 2 = 50.0, is found to be ǫ bb = 0.72. All the simulations reported in this work use a value of Q 2 0 = 50.0. Note that the notation Q 2 0 used here is the same as the more commonly used FENE b-parameter.
With increasing values of ǫ bb beyond ǫ bb = 0.72, the chain begins to collapse due to decreasing solvent quality. As mentioned earlier, in the limit of a poor solvent, linear polymer chains obey the scaling law R g ∼ (N b − 1) 1/3 , indicating that the chains are space filling. The value of ǫ bb where this scaling is first observed can be determined by plotting R 2/3 versus ǫ bb to estimate the onset of poor solvent scaling for cutoff radius, rc = 1.82 σ. The symbols represent simulation data and the dotted lines are drawn to guide the eye. The θ-point is estimated as the intersection of all the curves and leads to ǫ bb = 0.45 and the onset of poor solvent takes place at ǫ bb = 0.55.
In order to satisfy the condition of a densely packed space-filling system of polymer chains in a poor solvent one expects the exponent of R 2 g with the chain length to remain the same (0.67) for any value of ǫ bb greater than that for the onset of poor solvent scaling. A careful study of the scaling behaviour indicates a deviation from the know scaling law in the poor solvent regime for this choice of r c . We have investigated the scaling exponent at various values of ǫ bb spanning the good solvent to poor solvent regimes and plotted log 10 (R 2 g ) vs log 10 (N b ) in Fig. 3 (a) for these different cases and fitted the simulation data to straight lines to find the scaling exponent as indicated by the slope. From the good solvent (ǫ bb = 0) to the onset of poor solvent regime (ǫ bb = 0.92), the scaling exponent gradually decreases from 1.2 to 0.67 as expected on theoretical grounds. However, on further increasing the attractive strength to ǫ bb = 1.0, we observe a slope of 0.35 (see Fig. 3 (b) ), suggesting a strongly collapsed chain with an unphysical packing density which is inconsistent with theoretical predictions.
A possible reason for this unphysical scaling could be due to the system being stuck in an unstable metastable state. Previous simulations of the collapse dynamics of chains have indicated that while not affecting static properties, hydrodynamic interactions can help a system achieve its true equilibrium state by avoiding metastable states. 19 The scaling behaviour of polymer chains with hydrodynamic interactions was investigated to verify if this would resolve the problem. As can be seen from Fig. 3 (a) , the incorporation of hydrodynamic interactions does not make any difference to R 2 g for values of ǫ bb from 0 to 0.92. However, for ǫ bb = 1, the values of R 2 g calculated with hydrodynamic interactions incorporated are inconsistent with values in the absence of hydrodynamic interactions. This clearly indicates that the system has not equilibrated for ǫ bb = 1, and that the inclusion of hydrodynamic interactions does not alleviate the situation. Since prior simulations of homopolymer collapse with a Lennard-Jones potential do not suffer from this problem, 19 we have conjectured that the source of the difficulty with equilibration could stem from the choice of the cut-off radius r c in the SDK potential.
We find that using an alternative value of r c , leads to correct scaling predictions for a wider range of attractive strengths ǫ bb . Since the Lennard-Jones potential predicts the correct scaling behaviour for θ and poor solvents, we have compared the excluded volume exerted by the LJ and SDK potentials by computing the Mayer f -function at various values of the cut-off r c . The Mayer f -function is defined as the difference between the Boltzmann factor for two monomers at a distance r and at infinite distance, f (r) = exp [(−U (r))/(k B T )] − 1. 4 The excluded volume can be calculated as the integral of the Mayer f -function over the whole radial co-ordinate,
The excluded volume based on the Mayer f -function cal- 
the SDK potential is equal to that of the LJ potential. The values of α and β for this new cutoff radius can now be calculated. They are α = 1.5306333121 and β = 1.213115524, respectively. As shown in Figs. 5 (a) and 5 (b), with this value of r c , the θ-point and the onset of poor solvent scaling is estimated to be ǫ = 0.45 and ǫ = 0.55, respectively. According to Fig. 6 (a) , the scaling exponents shows a gradual decrease of the values of the exponent from 1.2 at ǫ = 0 to 0.67 at ǫ = 0.55, with the exponent remaining constant at 0.67 much beyond ǫ = 0.55 as shown in Fig. 6 (b) . The values of the mean-squared radius of gyration, R 2 g , are reproduced with HI for ǫ bb = 0, 0.45 and 1 for different chain lengths and found to be consistent with the results without HI (as seen in Fig. 6 (a) ). All subsequent results reported here with the SDK potential are with r c = 1.82 σ.
IV. SWELLING OF HOMOPOLYMERS
The swelling of homopolymers interacting with a SDK potential as the source of an excluded volume force is investigated in this section. The results are compared with the swelling of real polymer-solvent systems studied in experiments and the earlier predictions of BD simulations, where the excluded volume interactions are modelled by a narrow Gaussian potential which is given by,
Here, r µν = (r µ − r ν ), d * is a non-dimensional parameter that measures the range of interactions, and z * is the non-dimensional strength of excluded volume interactions. In the context of the narrow Gaussian potential, the solvent quality is defined by z = z * √ N b , which takes into account the dependence on both temperature and chain length. Kumar and Prakash performed BD simulations with the narrow Gaussian potential to obtain the universal swelling ratio as a function of solvent quality z.
14 Basically, they obtained α 2 g at a particular value of z by carrying out simulations for different chain lengths N b , where the parameter z * was evaluated using the expression z * = z/ √ N b , for each choice of N b . The finite chain data of swelling accumulated in this manner for various values of N b was then extrapolated to the limit of N b → ∞ to obtain the asymptotic values of swelling in the long chain limit, at the chosen value of z. The values of α 2 g obtained by this procedure for various values of z are plotted as shown in Fig. 7 and the symbols are fitted with a curve given by the following expression, which has been suggested earlier by renormalisation group calculations of the dependence of swelling on the solvent quality, Here, the values of the coefficients are: a = 9.528, b = 19.48 ± 1.28, c = 14.92 ± 0.93 and m = 0.133913 ± 0.0006. 14, 21, 24 The fitted curve, displayed in Fig. 7 is the universal thermal crossover swelling curve predicted by BD, and acts as a reference for collapsing swelling data for a range of polymer-solvent systems as discussed below.
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Kumar and Prakash 14 showed that experimental data acquired previously 11 for the dependence of the swelling of the radius of gyration on solvent quality in a variety of different polymer-solvent systems, could also be described by the same universal curve that fits the simulation data, by defining the experimental solvent quality by z = k exptτ √ M , whereτ = 1 − (T θ /T ) and determining k expt , which is a chemistry dependent constant, with the following procedure. First, values of z that correspond to the swelling ratio α g , measured at several different T and M , are estimated from the curve fit equation (Eq. (12) ). The ratio z/ √ M is then plotted versus experimental values ofτ for each of these values of z, and the slope of the straight line fit to the data is taken to be k expt . It was found by following this procedure that the experimentally measured swelling ratios for several different polymer-solvent systems lie on the universal thermal crossover curve, with a unique value of k expt characterising each of the systems. Swelling data 11 for polystyrene in cyclohexane at 36
• C, and in benzene at 25
• C and 30
• C, are shown in Fig. 7 . We have adopted a similar approach to check whether polymer chains with the SDK potential as the source of EV interactions follow the same universal swelling behaviour. The solvent quality is defined here in terms of the potential well depth as z = k SDKτSDK √ N b , where k SDK is a constant dependent on the interaction potential andτ SDK = (1 − ǫ bb /ǫ θ ) is equivalent to the temperature dependent term,τ , defined earlier. Note that the factor (1 − ǫ bb /ǫ θ ) is defined in such a way that in the limit of a θ-solvent its value is zero, while in the good solvent limit (ǫ bb = 0, T → ∞),τ SDK = 1. The value of k SDK is obtained by the following procedure. Simulations are carried out for different values of chain length N b and well depths ǫ bb , and the mean-squared radius of gyration R √ N b , and the resultant curve is fitted with a straight line as shown in Fig. 8 . The linear dependence of z on (1 − ǫ bb /ǫ θ ) √ N b implies that the slope is equal to k SDK , which is found to have a value equal to 0.1586.
The swelling of polymer chains with N b = 65 and N b = 75, obtained with the SDK potential for a set of values of z obtained in this manner, is compared with earlier results from BD simulations and experimental measurement of the swelling of polystyrene in cyclohexane and benzene. It is clear that the SDK potential reproduces the universal swelling behaviour in the thermal crossover regime obtained previously with the narrow Gaussian potential. It is worth noting here, however, that in the case of the SDK potential, we have not extrapolated finite chain data to the long chain limit, as was done for the narrow Gaussian potential. We found that this was unnecessary since the results for N b = 65 and N b = 75 were already lying on the universal curve.
V. SWELLING OF STICKY POLYMERS
As mentioned earlier, the inclusion of sticky groups along the backbone of a polymer chain increases the θ-temperature which leads to RW statistics being obeyed by the sticky polymer chain even under relatively good solvent quality conditions for the backbone. The question naturally arises if there is any universality with regard to the swelling of sticky polymers relative to the new θ-temperature for such solutions, and if the new θ-point can be easily determined as a function of system parameters. We examine these issues in the sections below.
A. Calculation of the θ-point for sticky polymer solutions
We have adopted a method very similar to the one used in case of the homopolymers to estimate the θ-point for sticky polymers, with the exception that the θ condition is expressed in terms of the sticker strength, ǫ st , for the sticky polymer chains. The θ-point is calculated for a range of different values of ℓ and backbone monomer attraction strength, ǫ bb , by plotting the ratio R m 2 ). Finally the error in x * is calculated from the estimated errors in the slopes and intercepts using standard propagation of error formula. The reason we have adopted this error estimation procedure is because the point of intersection of the various curves for different values of N b for sticky polymer solutions, is not as sharply defined as was the case when the θ-point for homopolymer solutions was determined (see Figs. 2 (a) and 5 (a) ). We will show shortly that, in fact, ǫ θ st can be determined by an alternative simpler and perhaps more accurate procedure.
It is interesting to note that the ratio R
as a function sticker strength, ǫst, for a single sticky polymer chain with backbone monomer attraction strengths, ǫ bb = 0.3 and 0.4, respectively, and spacer length, ℓ = 4, 5 and 6, as indicated in the various figure legends. In all the cases the stickers associate with functionality equal to 1. The errorbars for ǫst at the point of intersection are estimated by an error propagation scheme discussed in Section V A.
at the θ-point, denoted by R 2 g θ /(N b − 1), assumes a constant value, as shown in Fig. 10 , for monomers interacting via the SDK potential, irrespective of the spacer length, backbone solvent quality or sticker functionality. It is also evident that the value of the ratio R 2 g θ /(N b − 1) is the same for both homopolymers and sticky polymers, suggesting that the size of a monomer is the same in both cases, and is independent of the presence of sticky groups. This implies that one doesn't need to do simulations for each and every system in order to estimate the θ-point and calculate the corresponding R 2 g θ . As will be demonstrated subsequently, this turns out to be an im-portant element for establishing the universality of sticky polymer swelling. 
B. Universal swelling of sticky polymers
As noted previously, in solutions of sticky polymers the relative affinity among the sticky groups leads to a decrease in the effective solvent quality and a reduction in the repulsive excluded volume interaction between pairs of monomers. This can be taken into account by introducing a multiplicative factor which suitably reduces the repulsive interaction energy between monomer pairs. In the case of monomers on a homopolymer interacting with a SDK potential, the non-dimensional interaction energy between pairs is of order (1 − ǫ bb /ǫ θ ). With the introduction of sticky groups, we propose as a first approximation, that the effective interaction energy between two monomers gets reduced by a linear correction fac-
. This follows since when ǫ st = ǫ bb , there are only backbone monomers and no correction is required, and when ǫ st = ǫ θ st , the solvent is under θ-conditions. Thus for a sticky polymer chain with N b monomers the resultant renormalised solvent quality parameter is defined as,
which has the correct form under the different limiting conditions. In the limit of ǫ st = ǫ bb , the effective solvent quality becomes the same as that for the backbone, whereas at ǫ st = ǫ θ st the overall solvent quality is θ even though the backbone is in a relatively good solvent (ǫ bb < ǫ θ ). In order to obtain the swelling curve for sticky polymers, simulations are carried out for different values of N b , ǫ bb , ǫ st and sticker functionality, for which the value of ǫ θ st is known, and the swelling ratio, α 2 g , is calculated for each set of these parameters. This is possible without the need to carry out simulations to find R g θ in each case, because of the constancy of the ratio R 2 g θ / (N b − 1) , independent of all other parameters. Assuming k SDK to be the same for sticky and homopolymers, the corresponding values of solvent quality, z, are also computed using Eq. (13) . Plotting α 2 g versus z, as displayed in Fig. 11 , shows that the swelling of sticky polymers relative to its θ state follows the same universal curve as predicted by the BD simulations with a narrow Gaussian potential and observed experimentally for homopolymer systems. Additionally, it is apparent that k SDK remains unchanged in the case of the sticky polymers, implying that it is a property of the SDK potential itself. It is also clear that the sticker functionality does not affect the swelling behaviour, since stickers with different functionalities lead to identical swelling when z is the same. g , as a function of the solvent quality, z. The swelling of the sticky polymers with different spacer lengths, ℓ, and backbone monomer attraction strengths, ǫ bb , is compared with the swelling of homopolymers. The sticker functionality is equal to 1 in all cases except when explicitly indicated otherwise. The results are compared with BD simulations carried out with a narrow Gaussian potential, 14 and experimental results for polystyrene in two different solvents. 11 The solid line represents the curve fit corresponding to Eq. (12) .
As shown in the previous section, for monomers interacting with the SDK potential, the value of the ratio R 2 g /(N b − 1) under θ-solvent conditions is independent of system parameters. This result along with the universal swelling curve for sticky polymers provides an ingenious way to estimate the θ-point in terms of ǫ obtained from the simulation for the given set of parameters is equal to 1.0993 and corresponding value of z is estimated from Eq. (12) to be 0.09011. Solving Eq. (13) for the sticker strength at θ-condition gives ǫ θ st = 3.08, which lies within error bars of the previously estimated value of ǫ st = 3.05 ± 0.61 at the θ-point (see Fig. 9 (a) ) for the given set of parameters.
C. θ-surface
A comparison of the values of ǫ θ st obtained from the semi-analytical estimation procedure discussed above with that from full blown simulations as carried out in the context of Fig. 9 , for different spacer monomers ℓ and backbone solvent qualities ǫ bb , is shown in Fig. 12 . The plot shows a satisfactory agreement between the two methods and implies that the calculation of ǫ θ st using Eq. (13) provides a reasonable estimate of the θ-point for the sticky polymer systems. Fig. 12 also suggests, as expected intuitively, that the sticker strength at the θ-point, ǫ θ st , increases monotonically with spacer length, ℓ, for a given value of ǫ bb . With an increase in spacer monomers, the sticker density along the polymer backbone decreases, and it requires a much higher attractive strength for the stickers to make the chain follow RW statistics. In all our simulations, the value of the sticker strength ǫ st , is taken to be greater than ǫ θ , in order for the sticky polymer solvent quality to be poorer than homopolymers. At ǫ bb = ǫ θ , the backbone is in a θ-solvent condition, and under such circumstances the sticker strength at the θ-point, ǫ θ st , is equal to ǫ θ , which is the limiting value of ǫ θ st , indicated by the constant straight line in Fig. 12 and discussed further in the context of Fig. 13 . The dependence of the θ-point on the spacer length, ℓ, and backbone attraction strength, ǫ bb , in dilute solutions of sticky polymers can be represented by a schematic sur-face, as displayed in Fig. 13 . The surface is constructed in such a way that any point on the surface represents a sticky polymer solution under θ conditions, whereas points below the surface lie in the good solvent regime, and points above the surface correspond to poor solvent conditions. Note that all the data presented in Fig. 12 lie on such a surface. At spacer length ℓ = 0, all the monomers are stickers and in such a case the θ-condition is given by ǫ θ st = ǫ θ , where the latter is the value corresponding to the θ-point for a homopolymer of sticky monomers. In the limit of ǫ bb = ǫ θ , the sticker strength at the θ-condition, ǫ θ st , is equal to ǫ θ for a homopolymer of spacer monomers. This is related to the limit of ǫ θ st = ǫ θ = 0.45 in Fig. 12 . As explained previously, at this condition the sticker strength ǫ st has to be equal to ǫ θ in order to obtain a θ-solvent condition. Note that in the limit of a very good solvent (ǫ bb = 0), ǫ θ st goes to an infinitely large value, i.e. there is no finite value of the sticker strength that can lead to θ conditions. This is further illustrated in Fig. 14, which shows that curves for different chain lengths do not converge, and there is no point of intersection in the R 
VI. CONCLUSIONS
Determination of the effective solvent quality in solutions of sticky polymers is critical to understanding their phase behaviour, and for the formulation of various scaling theories for their behaviour proposed in the literature. [7] [8] [9] In the present work we have successfully demonstrated a method for estimating the solvent quality of sticky polymer solutions, and its utility in determining the universal swelling curve.
The implementation of the Soddemann-Dünweg-Kremer potential to model excluded volume interactions for homopolymers is found to be very useful in defining the solvent quality parameter, z, in terms of a simple function of potential well depth, ǫ bb . Besides, the SDK potential is preferable to the Lennard-Jones potential since it involves a single parameter, ǫ bb , with which the attractive interaction strength can be varied, without changing the repulsive interaction. We have also shown that the swelling of polymer chains interacting with the SDK potential follows the well known universal swelling curve that describes both experiments and simulations of linear homopolymer-solvent systems.
The introduction of sticky groups along a polymer chain leads to a renormalised solvent quality, that can be described in terms of sticker strength, backbone monomer attraction strength and chain length as shown in Eq. (13) . The swelling of the radius of gyration relative to its size in the θ state for sticky polymer chains has been shown to be universal in terms of the renormalised solvent quality parameter and identical to the swelling of homopolymers at the same solvent quality.
The universality in the swelling behaviour of sticky polymers and the fact that the scaled size of the polymer chain, R 2 g /(N − 1), remains constant at the θ-point provides us with the opportunity to propose a novel approach of estimating the magnitude of the well-depth, ǫ θ st , at which θ-conditions are realised, without the need to carry out a whole set of simulations with different chain lengths to find the θ-point, as discussed in the context of Fig. 9 .
Though the universal swelling of the radius of gyration in dilute sticky polymer solutions in the thermal crossover regime has been demonstrated here with the help of the Soddemann-Dünweg-Kremer potential, which has many desirable properties, we expect this behaviour to be independent of the specific choice of the excluded volume potential. We hope that this intriguing behaviour predicted by simulations will be tested and validated with careful experiments in the future.
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